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We prove necessary and sufficient conditions for X to be a Chebyshev subspace
of (L, ® R),. Morcover, we find a nontrivial Chebyshev subspace of (L, @ ¢;),,
when the scalar field is that of the complex numbers.

1. INTRODUCTION

Let F be any Banach space and E a subspace of F. An element e of E is
called a best approximation of fin E if and only if it satisfies

le=fli= inf lle' = £1}

E is an existence subspace of F if for every fin F there exists at least one
best approximation of fin E. E is a uniqueness subspace of F if for every f
there exists at most one best approximation e of fin E. E is called a
Chebyshev subspace if E is both an existence and a uniqueness subspace. If
E is a Chebyshev subspace, then we can define a function P from F into E
such that P(f) is the best approximation of f in E. P is called the metric
projection. It is known that there exists a nonseparable Banach space which
has no proper Chebyshev subspace. But whether there exists a separable
Banach space with no proper Chebyshev subspace is still an open question
(see [8,p.31]). It has been conjectured that (L, @D R), with the norm
(S, a)|| = max{|| f]l,,{e]} has no proper Chebyshev subspace, where L, is
the space of all real integrable functions on [0, 1]. In this article, we find
necessary and sufficient conditions for (L, ® R), to have a Chebyshev
subspace. Namely, (L, ® R), has a nontrivial Chebyshev subspace if and
only if L, has two Chebyshev subspaces ¥ and Z such that Y is a hyper-
plane of Z. We do not know whether the real L, has these properties. Also, a
similar result is true if the real (L, ® R),, is replaced by the complex
(Li® C)y. It is known that H,, the Hardy space, and HY, the space of
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functions in H; with mean zero, are Chebyshev in L, {2]. Hence, (L, ® C),,
has a nontrivial Chebyshev subspace.

It is also well known that L, has no finite dimensional or finite codimen-
sional Chebyshev subspace, and ¢,, all scalar sequences tending to 0, has no
infinite dimensional Chebyshev subspace. We consider the combination
(Ly®cy)y, of L, and ¢,. We find that (L, ® ¢;),, still has a Chebyshev
subspace if L, has two Chebyshev subspaces Y and Z such that Y is a
hyperplane of Z. Hence, the complex (L, ® ¢,),, has a Chebyshev subspace.

2. Basic LEMMAS

Let K denote either R or C. First we recall some elementary and well-
known facts which we use in the sequel.

Fact 1. Let F be a Banach space and || - || be the norm of F. Then || - ||
is a convex function. Furthermore,

(i) Iff, gand A in F and 0 < y < 1 such that g =yf + (1 — y)h then
el <yILAN+ (=)l Al < max(| £, [|A])-

(ii) If f, g and h satisfy the above condition and | g|| > ||f], then
1Al > N gll > LAl

(ifi) 1 gl <llg+¢/ll for some ¢> 0, then | g +cfl >l g +efll >
| gl for all ¢’ > c.

Fact 2. Let E be subspace of E and e in E. Then e is a best approx-
imation in E of fif and only if O is a best approximation of ¢(f — e) for any
c#0.

Let (E®K),, be the set {(f,A)|fE€E and A€ K} with the norm
I(fs )| = max (]| f|l, |4]). Here K denotes either R or C. If X is a subspace of
(E®K),, then Y and Z are defined as

Y={f1(f,0)€ X}
and

Z = {f ]34 € K such that (f, 1) € X}.

P is the metric projection from (E @ K),, into X if X is Chebyshev, and P’ is
the metric projection from E into Y when Y is Chebyshev.

LemMma 1. If X is a nontrivial Chebyshev subspace of (E ® K),, then
(i) (0,1)is not in X.
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(ii) Y is different from Z.
(iii) The best approximation of (0, 1) in X is not of the form (f,0).
Proof. Suppose that (0, 1) is in X. Because X is a proper subspace of

(E®K),,, there exists a non-zero element (f,1) €& X. By Fact2, we can
suppose that its best approximation is (0, 0). Since

1/ 4) = ©, )l = [I(/2 Ol = LA < NICA A

and (0, 0) is the best approximation of (f,4), (0,4) = (0, 0). Hence, A =0.
On the other hand,

1£.0) = (O, 71D = A =Dl = 1A

so (0,)|f]) is a best approximation of (f,0). Hence, | f||=0. But this
contradicts our assumption that (f, 1) # (0, 0). Therefore, (0, 1) is not in X.
This proves (i).

Suppose that Y= Z. Then (0,0) is a best approximation of (0, 1) in X
because X = {(f,0)| f € Y} and ||(0, 1) — (f, 0)]| = |I(—/, 1)|| > 1. Since X is
nontrivial, there exists f # O such that (f,0) € X. For 0 < ¢ < 1/}l 1|,

10, 1) = e(f, 0)]| = lI(=¢f> D) = L.

Hence, (¢f, 0) is another best approximation. This contradicts the fact that X
is a Chebyshev subspace. Therefore, Y is different from Z.

By (ii), Z# Y, so there exists g in X such that (g 1) is in X. If
0 <c < min(1/|| gll, 1), then [|(0, 1) — e(g, 1)l < 1. But

10, 1) = (S O)l = I/ DI| > L.
Hence, the best approximation of (0, 1) cannot be of the form (f,0). H§
Remark 1. If X is Chebyshev, then Y is a hyperplane of Z.

LEMMA 2. Suppose that X is a nontrivial Chebyshev subspace of
(E®K),. (0,0) is the best approximation of (h,A) € (E ®K), in X if and
only if h and A satisfy the following conditions:

@ (Al >[4l
(ii) If ||kl > |A| then O is the unique best approximation of h in Z (so
inY).

i) I Ikl =41, then
(a) O is the unique best approximation of h in Y.

(b) If(g.1)in X and ||h + cg| < | h| for some c #0, then |c + A| >
lel.
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Proof. Suppose that |i| > ||A4|. Without loss of generality, we can
suppose that 4 > 0. Otherwise, we can consider (sgn 1)(h, A). By Lemma 1,
there exists (g, 1) in X. If 0 <c < (A —||al})/l gll, then ||A—cg| <Al +
lcgll < A. Hence, for 0 < ¢ < min(( — [{A]))/]l gl, A),

(7, 4) — (g, 1) = max(|h —cgl}, |4 — c]) <A

This contradicts the fact that (0,0) is the best approximation of (h, A).
Hence, || k|| >|A|. This proves (i).

Suppose that || 4|} > |1|. For each g’ in Z, there is @ in K such that (g’, a)
in X. If 0 < |c| < (||| —]4])/|al, then

1A —cal <|A] + |eca| <[l
Therefore, if 0 <|c| < (|#[| —|A[)/|a|, then
li(h, A) — c( &', a)ll = max(|| A —cg' |, |A — cal) > ||(h, )]
=| Al

But ||A|| > |4 —cal, so |h —cg’'|| > || h||. Hence, O is the unique best approx-
imation of & in Z. Conversely, suppose that 0 is the best approximation of &
in Z. For |A| < ||| and (g, @) in X,

Ik, 4) — (& @) = [I(h — g A — )
2|k — g
> |l = lIC, D)

So (0, 0) is the best approximation of (k, ) in X.
Suppose that ||4||=|A|. Then for g’ in Y and g’ # 0,

llCh, AN < (B, 2) — (', O
=max(|k — g, |2}).

Hence, ||2|| <|/h— g'll, and O is the best approximation of 4 in Y. Now,
suppose that (g, 1) is in X and ||A + cg| < ||#]| for some ¢ # 0. Then

[1(hs A) + c(& DIl =i(h + cg, 2 + ¢)|
> [[(h, Dl = [[ Al =A].
Since ||h + cgl| < |||, |4 + ¢| > |A]. The converse direction is trivial. [

Remark 2. If X is a uniqueness subspace, then Z is a uniqueness
subspace of E.
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Now, we suppose that X is a Chebyshev subspace of (E @ K)_,, and his a
fixed element in E. Let 4,(4) be a function from K into K which satisfies

P(h, ) = (f3, 4,(4)).
Define, for 4 in K,

() =dist((h, 1), X).
A ball about A, with radius ris {A€ K:[Ag— 4| < r}, thatis, adiscif K=C
and an interval if K = R. For any A, in K, define its canonical ball

CB(A,) = {2 € K: |4 — A,(49)| < 8(40)}-
Then we have that (i) 4, € CB(4,); (ii) 6(4) <d(4,) for all 2 in CB(L,);
(iii) A, is in the interior of CB(4,) if and only if
0(Ao) =.S2,— Il > |4,(40) — A1.

Progf. Part (i) follows the definition of CB(4,) and (ii) follows from the
fact

€7, 4) = (fags 41N = max (i — f3 [l [ — 4,(40)])
=17 = Sl = 6(4o)-

Suppose that 4, is in the interior of CB(4,). Then there exist A, and 4, in
CB(A,) such that 4, = 3(4, + 4,).

6(Ao) <Ny ) = 3[(f2,» (A1) + (o A, A
<3l 40) = (o, 4G 2 [1(h A5) = (fr, 4,
=120(41) +76(4,)
< O(4y).

Hence, 6(4,) = 6(4,) = 8(4,). Since X is Chebyshev,
(.f/l‘! Al('ll)) + (.//12’ 4,(4,)) = z(f,w Al(/lo))'

We have

(s A1) = (fagr A1 (A = max([2 — £y [l |4, — 4, (Ao)])
=k~ fi,ll = 3(4) since i, € CB(4,).
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Hence, (on’ A4,(Ae)) = (f,tl » A1(4,)). Similarly, (f)\o’ A4,(Ap))= (S, 4 142))-
Therefore,
Mo -4 1('10)|
=|3(h, — 4,(4y)) + 34, — 4,2l since K is strictly convex
and 4, # 4,
<max(|4, — A4,(4)), |4, — 4:(A)])
< 0(A4,) = d(4) = 6(4,). 1

LEMMA 3. A, is continuous.

Proof. Let M= {l,€K:d(A,) =inf 6(4)}. Since ¢ is a continuous and
convex function, M is closed and convex. For any A, in K, define a sub-level
set

L(dg) = {1 € K: 53) < 6(Ay)).

CramM (1). If 4, is not in M, then CB(A,) is the only ball of radius 5(,)
containing A, and contained in L(A,).

Proof of (1). That CB(A,) < L(4,) is clear. Suppose that B is another
ball of the same radius containing 4, and contained in L(4,). Then
¢ o (BU CB(A,)) has 4, in its interior. By convexity of J,  is constant on
some small ball contained in L(4,) and hence 4, is in M. This proves (1).

CLamM (2). A, is continuous on K — M.

Proof of (2). Suppose not. Then there exist 1, » 1, & M with 4,(4,) -
zo# A,(4,). Of course 8(4,) — 6(4,). Let B be the open ball of radius d(4,)
and center z,. We claim that B is a subset of L(4,). Suppose that 4 is in B.
Let n be large enough so that |3(4,) — 8(4y) <3(8(Ay) — |4 — z,]), and
| 43(A,) — 20| < 3(8(Ro) — |4 — z,|). Then

|4 — A A <A~ zg| +[4,(4,) — 2|
SIA = 2o +3(8(Ao) — |2 — 24])
< O(Ro) — 3(0(Ao) — |4 — 2o]) < 5(A,).

Hence, A € CB(4,). But CB(4,) is a subset of L(4,). So B is a subset of
L(4,). Since lim,_ A, =4, lim,_ 4,(4,) =z, and lim,_ 6(4,) = 6(4,), 4 is
in the closure of B. By the proof of (1), z, = 4,(4,). We get a contradiction.
This proves (2).

Cram (3). M=+
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Proof of (3). Let c(g, 1) be the best approximation of (0, 1) in X. (Note:
By Lemma 1, the best approximation of (0, 1) in X is not of the form (f, 0).)
By Lemma 2, 0 is the approximation of g in Y. For any 1 > || h]| + 4| &||/]| g||
and (g', a) in X,

I(h, 1) = (&' @)l
=max(j|h— g'|,|A —al)
> max(l| g'[| = 2]l [2] —[al)

>max(lal||gll— |4l |4 —|al)  since (¢',a)=a(g 1)+ (/;0)
and O is the best approxi-
mation of g in ¥

2 |41l = [|(h, O)]-

Since & is a convex function, it attains minimum at some point inside the
circle with center O and radius ||| + 4 | #]//|| g|. Hence, M is nonempty.

CraM (4). M is a ball of radius 3(4,), where A, is any point of M.

Proof of (4). Let A,€M. We show that M = CB(l,). Surely,
CB(Ay) S M. Suppose that A, is in M — CB(1,). We may assume that the
distance ¢ from A, to CB(l,) is less than, say, (107°) 6(4,). Let A be any
point on the line segment from 4, to its nearest point A, in CB(4,). If the
interior of CB(4) intersects the interior of CB(4,), then (f),4,(4,))=
(fa,»4,(4)) by the proof of property (iii) of CB(4,). But |2 — 4,(4,) > 6(4,)
if A € CB(4,). Hence, the interior of CB(A) intersects the interior of CB(4,) if
and only if A=4,. Let 1 be any point between A, and 4,. Since ¢, the
distance between A, and A,, is less than (107°)d(4,) and the interior of
CB(A) does not intersect the interior of CB(4,), 4, is in the interior of CB(4).
Hence, we have P(h,1)=P(h,A,)=(f;,4,(4,)). By the proof of the
property (iii) of CB(4,),.we have

2P(h,3(A, + 4,)) = P(h, A,) + P(h, 1,).

This implies P(h, A,) = P(h, 4,). We get a contradiction since 1, is not in
CB(4,).

CrLam (5). A, is continuous.

Proof of (5). A, is constant on M and so only the boundary points of M
offer any problem. But let A, be such a boundary point and consider a
sequence of points outside M converging to 1,. Now proceed as in (2).

The proof is complete. 1



54 PEI-KEE LIN

CoroOLLARY 4. If X is Chebyshev, then Z is Chebyshev.
Proof. By Claim (4) and Lemma 2. 1

LEMMA 5. A, has a root. Hence, X is Chebyshev, and so Y is
Chebyshev.

Proof. Choose a > | h||. Let B denote the all of radius a about 0. If
A € B, then 6(4) < a. Hence, the function 1 — A,(4) maps B into itself. Since
A, is continuous, there exists a fixed point, say, 4,. Hence, 4,(1,)=0.

The proof is complete.

3. MAIN RESULT

In this section, we will prove necessary and sufficient conditions for X to
be a Chebyshev subspace of (E @ K),.

THEOREM 1. X is a Chebyshev subspace of (E ® K), if and only if

(i) Y is a hyperplane of Z, where Y and Z are defined in Section 2.
(ii) Both Y and Z are Chebyshev in E.

Proof. We proved the necessary conditions in Section 2. Now, suppose
that ¥ and Z are Chebyshev subspace of E and Y is a hyperplane of Z. For
any (h, A) € (E ® K),, — X, we can define a function 4, from K into K by

Ay(@) =||(h; ) — a(g, 1) — (P'(h — ag), O)|;

where (g, 1) is in X and P’ is the metric projection from E into Y. For
0<c<1anda fEK,

Ayca+ (1 —c)f)
=(r, A) — [ca + (1 = c)B](g, 1) — (P'(h — [ca + (1 — c)B] &), O)
<|l(B, A) — [ea+ (1 —)B](g, 1)
— (cP'(h—ag) + (1 —c) P'(h— fg), 0)
<cllth, 4) —a(g, 1) — (P'(h — ag), O)]
+ (1 —0)[i(h A) — (g, 1) — (P'(h — Bg), O)
= c4,(g) + (1 — ) 4,(B).



BEST APPROXIMATION IN (L; ® R) 55

Hence, A, is a convex function. Let B be a ball about 0 with radius
| 2] + 3}4]. If ¢ is not in B, then

Ay(@')=||(h, A) —a'(g 1) = (P'(h — ag’), 0)]
2|A=d'| 2]kl +2]4] > 45(0).

Hence, A, attains minimum at some point @ in B. We claim that a(g, 1) +
(P'(h— ag), 0) is a best approximation of (A, A) in X. Every element in X has
the form f(g, 1) + (», 0). Hence,

l(h. 4) — B(g, 1) — (3, O)l
> |i(h, 4) — B(g, 1) — (P'(h— fg), 0)
since ||h—fg— yl| >Ilh—Bg—P'(h—Bg)
= A,(f) > 4,(a)
= |(h, 4) — a(g, 1) — (P'(h — Bg), O)].

{ag+ P'(h—ag),a) is a best approximation of (,1). Therefore, X is an
existence subspace.

Given (4, 4) in (E @ K),,, by Fact 2 without loss of generality, we can
suppose that (0,0) is a best approximation of (k,A). By the proof of
Lemma 2, either ||4] > || or ||k]=|A|. If |&] > |A|, then by the proof of
Lemma 2 again, O is a best approximation of 4 in Z. Let (f, a) be a non-zero
element in X. Hence f#0. Since Z is Chebyshev, |[(h,1)— (f, )| >
|k — £l > |2l (O, 0) is the unique best approximation of (4, A) in X. On the
other hand, if ||| = A, then without loss of generality, we can suppose that
A> 0. By the proof of Lemma 2, O is a best approximation of 4 in Y. If
(f,a) is another best approximation of (4, 1) in X, then a # 0 since Y is
Chebyshev. Hence, for any 0 e <1, ¢(f,a) is a best approximation of
(h, 4).

Ik, Dl =1k — f, 4 — @)
=|(h—¢f, A —ca)]
=|h—cf| by the proof of Lemma 2.

|A|=|h||>>|A—al|. Since K is strictly convex, |A|>|A—3a|. Hence,
lh—3fl=4>|A—ial|. By the above argument, (0,0) is the unique best
approximation of (h — 1f; A — 1a). Hence, (3/; 3a) is the unique best approx-
imation of (h, 1). We get a contradiction. Therefore, X must be a uniqueness
subspace of (F ® K),,.
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Remark 1. X is a uniqueness subspace if and only if one of the
following statements i true.

(i) Yis a hyperplane of E and Z is a uniqueness subspace.

(i) (0,1)is in X and Z is very non-proximinal; that is, no element fin
E — Z has an element of best approximation in Z. In this case, X is very
non-proximinal.

Remark 2. 1If (L, ® K), has a nontrivial Chebyshev subspace, then Y
cannot be a sublattice of L.

Proof. Suppose that Y is a sublattice of L,. Then there exists a measure
u absolutely continuous with respect to the Lebesgue measure such that
L,(Z,u) is isometrically isomorphic to Y. First, we claim that g has no
atom: if it is not true, then there exists a y-measurable set M such that
u(M) >0, x,, Y € Y has one dimension. y,, ¥ cannot be Chebyshev in L (M)
since it is a finite dimensional subspace. Hence, there exists fin L (M) such
that there are two elements, say, O and A, in x,, Y which are best approx-
imations to f. Let

fx)= f(x) if xeM
=0 if x&M.

Then O and £ are best approximations to fin Y since

17Ce) = 212 1) = s 212 1 F -

This contradicts the fact that Y is Chebyshev. Therefore, 4 has no atom.

Suppose that Z is the subspace generated by Y and g, where g is in
P'~'(0). We claim that Z is not Chebyshev. Let M be a y-measurable set
such that (M) =0 and the Lebesgue measure restricted to the complement
of M is absolutely continuous with respect to x. Let M, and M,, two u-
measurable sets, be a partition of M° such that fM | g(x)| dx fM | g(x)| dx.
This can be done because z has no atom. Let M, and M, be a partition of M
such that [, |g(x)|dx= fM4lg(x)| dx. Because x, Y<VY, x,,YSY and
u(M) =0, 0 is a best approximation of 01Xy, 8+ 0 Xpr, 8+ U3Xp, 8+ AuXg, &
where a; € K. Let & be defined by

&(x) = g(x) xEM, UM,
=— g(x) xXEM,UM,.

Then for —1 a1
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1
| &~ aglli=| |£(x)— ag(w)] dx
0

={  Ex)-eglde+|  [§x) - aglx)|dx

=[ lgx)—aglldx+|  |-gx) - aglx)|dx
=(i-a)| jgWldx+(+a)|  [g()adx

MM, MyMy

= [ lg(0ldx = [ | &(x)] .

Hence, || 8ll, = | £ - gll, <I|& — ell, <||§— g — ¥l for BEK and y€E V.
g and O are best approximations of ¢ in Z and Z is not Chebysheyv.

Remark 3. 1If p is a measure without atoms, then L (Z, 1) has no finite
codimensional Chebyshev subspace. Hence, if X is Chebyshev, then Z is not
a sublattice.

Remark 4. (I am indebted to P. Morris, who showed me a nontrivial
Chebyshev subspace of realL,.) Let G={f|f €L, such that f(x)=
S(x+3)=f(x+13) for 0<x< 3} For any A€ L,[0, 1], the best approx-
imation fon h in G is defined by

SO =S +3)=flx+3)=hixy),

where x,, x,, x; are x, x + §, x + § such that A(x,) < h(x,) < h(x;), and 0 <
x < 3. The metric projection is not linear because both x,.,3, and x;ys.43
have O as the best approximation, but x, 3, has x,,,, as its best approx-
imation. But G is a sublattice; hence, Y cannot be G (respectively, Z cannot
be G) when X is Chebyshev in (L, ® R),..

Remark 5. It is known that the Hardy space H, and H (all functions in
H, with mean zero) are Chebyshev in complex L, [2]. Hence, (L, @ C),,
has a nontrivial Chebyshev subspace.

CoROLLARY 1.1. Suppose Y is a Chebyshev subspace of E and f,,
Soren [, EE—Y. If for any subset A of {f,fosn [y} the subspace
generated by Y\U A is Chebyshev, and Y is an n codimensional subspace of
the generated by Y U {f}, fys- [y, }» then X, the subspace generated by {(f,
0,0,....,0) | f€Y}and {(f;,e)]|i=1,2,.., n}, is Chebyshev in (E® K",
where e, is the natural basis of K".



58 PEI-KEE LIN

Proof. Since (E®K"),=(E®K" "), ®K),, by induction it is
enough to prove that n = 2. By assumption, Y is different from the subspace
Z, generated by Y and f|, and the subspace Z, generated by Y and f, is
different from the subspace Z, generated by Y, f;, and f,. By Theorem 1, the
subspace Z, generated by {(»,0)| y€ Y} U {(f;, 1)}, and the subspace Z,
generated by {(».0)|yEYIU{(f},1),(f;,0)} are Chebyshev in
(E ® K),,. Hence, the subspace generated by {(y,0,0)| y € Y} U {(f}, 1,0),
(f2,0, 1)} is Chebyshev in (E® K?),,. 1

4. AN EXAMPLE OF A CHEBYSHEV SUBSPACE OF (L, ® ¢,),,

Since L,(]0, o)) is isometrically isomorphic to L,([0, 1)), we can
consider (L,([0, @0)) @ ¢;),,, Where ¢, is all scalar sequences converging to
zero, and (L, ® co),, has the norm |/ @ (¢, = max(lf1l,, (el We
need the following lemma.

LEMMA 6. If Y, is a Chebyshev subspace of X;, then (DY), is a
Chebyshev subspace of (® Xy),,. Indeed, for (x,)E€(®X,), if y; is the
approximation of x, in Y;, then (y,) is the best approximation of (x,;) in
@71y,

Proof. Since || y|| < 2{xll, (»,) is an element of (® Y,),,. Suppose that
(¥)) € (@ Y)),, and (y;) # (»;). Then

e o]
e — vl = 2. llxi— il
i=1
e o]
> > xi—= il
i=1

= [1Ge; = yall

Hence, (® Y;),, is a Chebyshev subspace of (® X,),, - |

EXAMPLE. Let X be the space of pairs /@ (B;), where the restriction of /
to [n— 1, n] is in H, for each n and where

B, =f Sf(x)dx for all i.

Then X is a Chebyshev subspace of (L,([0, ) @ ¢,).
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Progf. It is easy to see that X is a closed subspace of (L, ® ¢;),. Let Z
be the space

{f1flin_1.m is in H, for all n} (after shift).

By Lemma6, Z is a Chebyshev subspace of L,. Given g® (q;) in
(L,®cy), without loss of generality we can suppose that O is the best
approximation of g in Z. If g ® (a;) =0 @0, then it is done. Hence, we can
suppose that either g+ 0 or there exists n such that a,# 0. Let N e large
enough such that for any i > N, we have 1 || g||, > |a,| if g#0 or 5 |a,| > |a;]
if g=0. Let Y, be the space of pairs /@ (f,) such that the restriction of f
to [i—1,i] is in H, if i < N, and the restriction is 0 if / > N, and

b= [’ S(x)dx for all i.
i
By Corollary 1.1 of Theorem 1 and Lemma 6, Y, is a Chebyshev subspace
of (L,[0,N)®CY),. Let f@®(B;) be the best approximation of g@®
(ays 0g5ees ay) In Yy,
Cramm (1). |lg— Sl > |a;| for i > N.

Proof of (1). Since O is the best approximation g in Z, ||g — f|l, > | gll;-
Hence, if | g|,#0, then ||g— fIl, >l gl >]a;| for i>N. So we can
suppose that g=0. Since [*_, f(x)dx=p8,, | I >|B,|- On the other hand,
since 0@®O0 is the best approximation of (g—f, (@, — B, —Byses
ay—fy)), by Lemma 2,

”f“>|an_ﬂn| since g=0'
Hence, 2| f]l > |a, — B.| + 1B, > 1@,] > 2] e for i > N.
CraiM (2). S @ (B, B0 By» 0,0,...) is the best approximation of g @
().
Proof of (2). Let h @ (y;) be any element in X. Then
h® (y)= hX[o,N) @ (P15 Vareos Pa» 05 05.)
+ B in,00) @ (05 05ty Oy Yy s 15 Py aoeee)-
Ifr® () # S D (BysBrsees Bys 0, 0,...) then either
(D) Miom @ (V15 Vares ¥as 0, 00 ) # S @ (815 By svvns By 0, 0s)

or
2) Mooy @ 00ty 0, Yy 15 Vg 20 ) 0@ (0, 0,..0).



60 PEI-KEE LIN

Suppose that (1) is true. Since f @ (8,, 8,,..., By) is the best approximation
of g® (a;, @y, ay) in Yy, either | g— fI, <||g — hxjo.pll, Or there exists
1<m <N such that || g — fll; <[y — Yl I [l g = [l <|a@pw— V> then

g ® (ay, az) = £ @ (Bys Bromees By 0, 0,000 )
=|lg—fl
<[y = V]
<lg® (@, a30) =h® (15 Y20l
If | g— fll, <Ilg — Mxtyo.m |1 then

lg—fll; < lg— hX[o,N)“l
= (g — 1) xto.m i + Il 81w, 00 Iy

<|l(g—h) X[o,N)Hl

+ 1| 81w, 00 — Miw.oon 11 since by Lemma 6,
0 is the best approximation

of 8N,y I Z
=|g—Ali;.

Hence,

I8 ® (ar; @y5) = h® (s V25l
<llg®(ay,ayp) = f @ (Bys By By, 0, 0, )

If (1) is not true, then (2) must be true. And it implies Ayy ., # 0. Hence,

lg—fll=| 8Xo.m — hX[o.N)Hx + 8X (N, o) I
< gx10.m — Pxio.m s + | 8Xiv. 00 — PXin, oo Il
=|g—hl;-

Hence, f @ (B,, 8z By> 0, 0,...) is the unique best approximation of g@®
(@, ay,...) in X. X is Chebyshev. [}

Remark 1. 1If the real L, has two Chebyshev subspaces Y and Z such
that Y is a hyperplane of Z, then by the above method we can construct a
Chebyshev subspace of (L, ® ¢;),, -

Since the unit ball of L, has no extreme point, L, has no coreflexive
Chebyshev subspace. But we do not know whether L, has a reflexive
Chebyshev subspace. It is also conjectured that (L, ®L, ®L,® ---),, has
no Chebyshev subspace. We have the following open problem.
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PROBLEM. Does (L, ®L,),, have a nontrivial Chebyshev subspace?
Find necessary and sufficient conditions for X to be a Chebyshev subspace
of (L; @ Ly)e-

Remark 2. Suppose that X is a Chebyshev subspace of (L, ® L), . Let

Y,={f1(f,0)€ X}, and Z, = {f|3g € L, such that (f; g) € X},
Y,={f|0,f)E X}, and Z,= {f|3g € L, such that (g, /) E X}.

Then (i) Z, and Z, are uniqueness subspaces; (i) If Y, # {0} (respectively
Y, # {0}), Z, (respectively Z,) is very non-proximinal. (Z, or Z, may not be
closed.) (iii) If 0@ 0 is the approximation of £ ® g in X and | f], > |l g|,
(respectively | gl, > |[f]l,)» then O is the best approximation of [
(respectively, g) in Z, (respectively Z,). If there exists an element f @ g with
the above property, then Y, = {0} (respectively Y, = {0}).

Remark 3. L,|0, 1] has an infinite dimensional subspace E such that for
any f € E we have || f|, > 10||f]l;. It is known that L,[0, 1] with the new
norm

A1l = max{lf ], 511}

has no finite dimensional Chebyshev subspace. But
E'={g|{f. g)=0forall f € E}

is a Chebyshev subspace of (L,[0, 1], || - |||)- Particularly, for each f €EE, 0
is the best approximation of fin E*.

Proof. Let f € E. Then

IS = max{||f1l,, 311N} =311
For any g € E*,

If+ gl = £1l,-

So we have [|f+ gll>Ilf]l, and E* is a Chebyshev subspace of
(L[0, 1], il - -

We claim that for any separable infinite dimensional Banach space F,
((L,]0, 11,1l - N ® F), has a Chebyshev subspace.

Proof. Let f,, f,,... be a orthonormal basis of E with the norm || - ||, and
g1s & be linear independent such that span{g,, g,,...} = F. Let X be the
subspace generated by {(f,0)| f € E'} U {(fi, g/n* |l &l) i =1, 2,...}. Since
X is isomorphic to L,[0, 1], it is an existence subspace.
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Cramm (1). If (0, 0) is a best approximation of (f, g), then ||| fll > gllx-

Proof of (1). Suppose that || gl > ||.f|ll. Since span{g,, g,,...} =F, there
exist /' € L,[0, 1] and g’ € F such that (f’, g')E X and || g~ ¢' |l <3|l gl
If 0 < ¢ <min(1, (|| gll- — IA1D/2 L1}, then

ICfs &) — (", &M <1l &llr-
This contradicts the fact that (0, 0) is a best approximation of (f, g) in X.
Hence, |/l >l gl
CLamM (2). X is a Chebyshev subspace of ((L,[0, 1], || - )@ F),,.

Proof of (2). Suppose not. Let (0,0) and (f”, g’) be two best approx-
imations of (f, g) in X. Hence,

A= 1S = £ = 1S -

Since {(f,0)|f € E"} is contained in X, f and f — f’ belong to E and

I/l =AM =ILf = £ l=1lf = f"ll,- But 3(f", g') is another best approx-
imation of (f, g) in X; hence,

If =2/ = llf =2/
= ||f||2
= ”f - f Hz

This contradicts the fact that (L,(0, 1),] -|j;) is strictly convex. So X is
Chebyshev. 1

Hence, (® (L,[0, 1], (| - [I))., has a Chebyshev subspace.
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